Teleparallel Equivalent of the Kaluza-Klein Theory 
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Relying upon the equivalence between a gauge theory for the translation group and general relativity, 
a teleparallel version of the original Kaluza-Klein theory is developed. In this model, only the internal 
space (fiber) turns out to be five dimensional, spacetime being kept always four dimensional. A 
five-dimensional translational gauge theory is obtained which unifies, in the sense of Kaluza-Klein 
theories, gravitational and electromagnetic interactions. 
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I. INTRODUCTION 



In ordinary Kaluza-Klein theories [jlj, the geometrical 
approach of general relativity is adopted as the paradigm 
for the description of all other interactions of nature. 
In the original Kaluza-Klein theory, for example, grav- 
itational and electromagnetic fields are described by a 
Hilbert-Einstein Lagrangian in a five-dimensional space- 
time. On the other hand, it has already been shown that, 
at least macroscopically, general relativity is equivalent 
to a gauge theory for the translation group Q. In this 
theory, known as the teleparallel equivalent of general rel- 
ativity , the fundamental field is the Cartan connection, 
a connection presenting torsion, but no curvature. This 
equivalence gives rise to new perspectives for the study 
of unified theories. In fact, instead of using the geomet- 
rical description of general relativity, we can adopt the 
gauge description as the basic paradigm, and in this way 
construct what we call the teleparallel equivalent of the 
Kaluza-Klein theory. According to this approach, both 
gravitational and electromagnetic fields turn out to be 
described by a gauge-type Lagrangian. Such a construc- 
tion will be the main purpose of this paper, which is orga- 
nized as follows. In Sec. II, the teleparallel version of the 
Kaluza-Klein model is introduced, and its main features 
described. The coupling of a general matter field with 
gravitational and electromagnetic fields is studied in Sec. 
Ill, and finally, in Sec. IV, we draw the conclusions of 
the paper. 



II. TELEPARALLEL KALUZA-KLEIN MODEL 

We denote by x^ip, v, p, ... = 0, 1, 2, 3) the coordinates 
of spacetime (base space), and by x a (a, b, c, ... = 0, 1, 2, 3) 
the coordinates of the tangent space (fiber), assumed to 
be a Minkowski space with the metric 



The tangent space indices, therefore, are raised and low- 
ered with the Lorentzian metric n a b, while the spacetime 
indices are raised and lowered with the Riemannian met- 
h where 
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is a nontrivial tetrad field, with c the speed of light and 
A a M the gravitational gauge potential. The presence of a 
nontrivial tetrad field induces on spacetime a teleparallel 
structure which is directly related to the presence of the 
gravitational field. In fact, given a nontrivial tetrad 
the Cartan connection 



V p — h P B h a 



(3) 



can be defined, which is a connection presenting torsion, 
but no curvature, and which defines a teleparallel struc- 
ture in spacetime H. 

In the framework of the teleparallel description of grav- 
itation, the action describing a particle of mass m and 
charge e submitted to both an electromagnetic (A^) and 
a gravitational {A a M ) field is HQ 
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-mcda A a M u a dx 11 



(4) 



where da = (rj a t > dx a dx b ) 1 / 2 is the invariant tangent-space 
interval, and u a = dx a /da. The corresponding equation 
of motion is 
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(5) 



where ds = {g llv dx p, dx u ) 1 ^ 2 is the invariant spacetime 
interval, F a M „ and are respectively the gravitational 
and the electromagnetic field strengths, and = dx 11 /ds 
is the spacetime four velocity. The gravitational field 
strength satisfies the relation F a ^ = c 2 h a p T p p V , with 



n ab = diag(+l, -1, -1, -I). 
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the torsion of the Cartan connection. 

Now, inspired by the similarity between the gravita- 
tional and the electromagnetic interactions, we choose 
the U(l) gauge index of the electromagnetic theory to be 
"5" , which allows us to define a unified gauge potential 
by 

A A p — (A a M , A 5 M ) , 

where A 5 M = K _1 (e/m)A M , with k a dimensionless pa- 
rameter to be determined later. Accordingly, we can de- 
fine a unified field strength, 

f A — ( p a p5 \ 

J pv y x jJ,V ) x pv J ; 

with F 5 ^ u = K~ 1 (e/m)F lll ,. In terms of the potential 
A A I1 , therefore, the field strength is 



T A — 8 A A - 8 A A 

J pv u p^ v p- 



(7) 



Implicit in the above definitions is the introduction of 
an internal five-dimensional space M 5 , given by the prod- 
uct between the Minkowski space M 4 and the circle S 1 : 
M 5 = A/ 4 <g> S 1 . A point in this space is determined by 
the coordinates x A = (x a ,x 5 ), where x a are the coordi- 



nates of M , and x b 



_1 (e/m)x the coordinate of S 1 . 



A five- velocity u A — (u a , u 5 ) can consequently be defined 
by 



dx A 
da 



(8) 



The components u a form the usual tangent-space four- 
velocity, which is related to the spacetime four-velocity 
u p by ti° = h a uU^, and u 5 is a strictly internal compo- 
nent whose value will be determined by the unification 
process. 

With the above definitions, and denoting by 7755 the 
fifth component of the internal-space metric, if the con- 
ditions u° = —k and 7755 = — I are satisfied, the action 
(M) can be rewritten in the form 



-m c da A a u t\ab dx^ 

c 



Accordingly, the equation of motion (0) becomes 
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(10) 



The trajectory of a charged particle submitted to both 
an electromagnetic and a gravitational field, therefore, is 
described by a Lorentz-type force equation. Furthermore, 
differently from curvature, we see that torsion acts on 
particles in the same way the electromagnetic field acts 
on charges, that is, as a force. 

It is important to notice that, alternatively, we could 
have chosen u 5 = k and 7755 = 1, which would lead to the 



same action integral, and consequently to the same equa- 
tion of motion. As we will see, this choice corresponds 
to another metric convention for the internal space. In 
principle, both conventions are possible. However, the 
unification process will introduce a constraint according 
to which the choice of 7755 will depend on the metric con- 
vention adopted for the tangent Minkowski space. 

In a gauge theory for the translation group, the gauge 
transformation is defined as a local translation of the 
tangent-space coordinates, 



5x a = 5a b P b x a , 



(11) 



with P b = 8/8x b the generators, and Sa b the correspond- 
ing infinitesimal parameters. In a unified teleparallel 
Kaluza-Klein model, a general gauge transformation is 
represented by a translation of the five-dimensional in- 
ternal space coordinates x , 

5x A = Sa B P B x A , (12) 

where Pb = 8/8x B are the group generators, and 

5a B (x p ) = Sa B = (Sa a ,Sa 5 ) 

are the transformation parameters. Analogously to the 
gauge potentials, we take Sa 5 = k (e/m)8a. Further- 
more, in the same way as in ordinary Kaluza-Klein mod- 
els, we assume the gauge potentials A A p, and conse- 
quently the tetrad h a ^ and also the metric tensor g^, 
not to depend on the coordinate x 5 . 

The gauge gravitational field Lagrangian is 
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(jF\ v F\ p g» e N ab v <^ , (13) 



where h — det(/i a M ), and due to the presence of a tetrad 
field, we must have 

Na^" = 7 lab h c u h cp + 2 h a p h b u - 4 h a v h b '\ (14) 

The unified Lagrangian, therefore, can be written in the 
form 



C = 



-:^ A tivF B epg^ 'Nab 1 



16nG \ 4 

As no tetrad exists in the electromagnetic sector 

W = %6 V h cp . 
Thus, the Lagrangian (|TJ|) becomes 
he 4 



C = 



K ~ 2 e 2 



V55 ' 



where 

S mv = 1 ^ K p.v P _ gP u T e^ e + gP p T V ^ 



(15) 



(16) 



(17) 
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with K^ vp the contorsion tensor. 

The first term of C is the gauge gravitational La- 
grangian, which is equivalent to the Hilbert-Einstein La- 
grangian of general relativity. In order the get Maxwell's 
Lagrangian from the second term, two conditions must 
be satisfied. First, it is necessary that 



(18) 
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from where we see that k 2 turns out to be proportional 
to the ratio between electric and gravitational forces . 
Second, in order to have a positive-definite energy for 
the electromagnetic field, and to get the appropriate rel- 
ative sign between the gravitational and electromagnetic 
Lagrangians, it is necessary that 7755 = — 1. With these 
conditions, the Lagrangian (|l7|) becomes 



C = h(L c 



JEM) — 



he 

WirG ptl " 



'-F^F^. 



That the Maxwell Lagrangian in four dimensions shows 
up from the Hilbert-Einstein Lagrangian in five dimen- 
sions is usually considered as a miracle of the standard 
Kaluza-Klein theory ||. That the Hilbert-Einstein La- 
grangian of general relativity shows up from a Maxwell- 
type Lagrangian for a five-dimensional translation gauge 
theory can be considered as the other face of the same 
miracle. 

The functional variation of C in relation to A a M leads 
to the field equation 

d a {hS x ° T ) - ^t(Ma t ) = ^ (h0x T ), (19) 

where 



c 



(20) 



is the canonical energy- momentum (pseudo) tensor of the 
gravitational field, and 



0x T = h a x 



1 SC 



EM 



h 5h a T 



F Xv F TV - S x t Lem (21) 



is the energy-momentum tensor of the electromagnetic 
field. On the other hand, the functional variation of C in 
relation to yields the teleparallel version of Maxwell's 
equation |J. 

An interesting point that deserves to be mentioned 
is that since we have chosen (Q) as the metric of 
the Minkowski space, the resulting metric of the five- 
dimensional internal space will be 



rjAB = diag(+l, -1, -1, -1, -1) 



(22) 



This means that the fifth dimension must necessarily 
be spacelike, and the metric with signature (3, 2) is ex- 
cluded. On the other hand, if we had chosen fj a i, — 



diag(— 1, 1, 1, 1) for the Minkowski space, it is easy to 
verify that we should have 7755 = 1. The resulting metric 
of the five-dimensional internal space would be 



f) AB = diag(-l, +1, +1, +1, +1), 



(23) 



and the same conclusion would be obtained: the fifth 
dimension must necessarily be spacclikc, and the met- 
ric with signature (3, 2) is excluded. The unification 
of the gravitational and electromagnetic Lagrangians, 
therefore, imposes a constraint on the metric conventions 
for Minkowski and for the electromagnetic internal man- 
ifold S . In fact, the choice between 7755 = +1 and 7755 = 
— 1 for the Killing metric of the U(l) group depends on 
the metric convention adopted for the Minkowski space. 
As a consequence, the metric of the five-dimensional in- 
ternal space turns out to be restricted to either Eq. J22] ) 
or (p3|). Metrics with signature (3, 2), which would imply 
a time-like fifth dimension, arc excluded. 



III. MATTER FIELDS 

Let us consider now a matter field \P. In contrast to 
the gauge fields, it depends on the coordinate x 5 : 

* = ^(x^,x 5 ) . 

Under a generalized gauge translation, it behaves as 

6% = Sa A P A (24) 

Its covariant derivative, consequently, is 

= d^ + c- 2 A A ^P A ^>; (25) 

with the gauge transformation of A A ^ given by 



5A 1 



-c 2 d p 5a B . 



(26) 



Separating the gravitational and electromagnetic compo- 
nents, we obtain 



+ c- 2 A\P a ^ 



rnc 



2 A M P 5 *. (27) 



S 1 



Now, as x 5 is the coordinate of the internal manifold 
we assume 



*(x M ,a; 5 ) = exp 



. 2i , 
1 k - — a;" 

Ac 



(28) 



with Ac = (h/mc) the Compton wavelength of the par- 
ticle under consideration. Consequently, a translation in 
the coordinate x 5 turns out to be a U(l) gauge trans- 
formation, and a translation in the coordinates x a turns 
out to be a gauge transformation related to the transla- 
tion group T 4 . For a simultaneous translation in the five 
coordinates x A , we see from Eq. (p4h that 
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5* = Sa a d a ^ + 5a (29) 

The corresponding minimal couplings are given by the 
covariant derivative 

= h\d a ^ + ^A^. (30) 

By defining A a — h a ^ A^, we can rewrite Eq. ( |30| ) in the 
form 

= h%D a V, (31) 

with D a ^ the electromagnetic covariant derivative in 
Minkowski space. As usual, the commutator of covariant 
derivatives yields the field strength: 

[D M1 £>„]* = c- 2 T A ^P A ^> = c- 2 F a ^P a y + ^-F^V. 



IV. CONCLUSIONS 

By replacing the general relativity paradigm with a 
gauge paradigm, a five-dimensional Maxwell-type trans- 
lational gauge theory on a four-dimensional spacetime 
has been constructed. In this theory, gravitation is at- 
tributed to torsion, and the electromagnetic field str- 
ength appears as the fifth gauge-component of the torsion 
tensor. Because of the fact that torsion, like the electro- 
magnetic field, plays the role of a force, the unification 
in this approach seems to be much more natural than in 
ordinary Kaluza-Klein theories. 

An important feature of this model is that no scalar 
field is generated by the unification process. Accordingly, 
no unphysical constraints appear, and the gravitational 
action can naturally be truncated at the zero mode. Fur- 
thermore, the cylindric condition can also be naturally 
imposed for matter fields, which corresponds to keep only 
the n = 1 mode in their Fourier expansions. Conse- 
quently, the infinite spectrum of massive new particles is 
eliminated, strongly reducing the redundancy present in 
ordinary Kaluza-Klein theories. A similar achievement 
has been obtained recently by a modified Kaluza-Klein 
theory in which the internal coordinates are replaced by 
generators of a noncommutative algebra [jl0|| . In this 
model, no truncation to eliminate extraneous modes is 
necessary as only a finite number of modes is present. 
Concerning this point, the teleparallel version of Kaluza- 
Klein seems to be much more appropriate to deal with 
models involving noncommutative geometry. In fact, as 
the spacetime underlying such a model is a spacetime 
presenting torsion, but no curvature, the usual difficulty 
for defining curvature IO | , and consequently for choosing 
the action functional p2[, is avoided. 

The generalization to non-Abelian gauge theories a- 
mounts to introduce a4 + JV dimensional internal space, 



formed by the product between the Minkowski space 
and a compact Riemannian manifold. As in the elec- 
tromagnetic case, the teleparallel unification turns out 
to be much more natural than in ordinary Kaluza-Klein 
models since both gravitational and Yang-Mills fields 
are described by a gauge theory, the Yang-Mills field 
strength appearing as extra gauge-components of tor- 
sion. In other words, the gravitational and the gauge 
field strengths are different components of a unique ten- 
sor. Another important point concerns the relation be- 
tween geometry and gauge theories. According to ordi- 
nary Kaluza-Klein models, gauge theories emerge from 
higher-dimensional geometric theories as a consequence 
of the dimensional reduction process. According to our 
approach, however, gauge theories are the natural struc- 
tures to be introduced, the four-dimensional geometry 
(gravitation) emerging from the noncompact sector of the 
internal space. In fact, only this sector can give rise to 
a tetrad field, which is responsible for the geometrical 
structure (either metric or teleparallel) induced in space- 
time. Furthermore, as the gauge theories are introduced 
in their original form — they do not come from geome- 
try — the unification, though not trivial, turns out to be 
much more natural and easier to be performed. 

Finally, it should be mentioned that several different 
Kaluza-Klein models in spacetimes with torsion have al- 
ready been considered. However, most of them are con- 
structed on a five-dimensional spacetime, and are con- 
sequently completely different from the model presented 
here 
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